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Abstract
Let u : A→ B be a morphism of noetherian local rings. We obtain
smoothness criteria for algebras with differential bases, in the case of
rings containing a field of characteristic p > 0.We also give smoothness
criteria for reduced morphisms.
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1 Introduction
Let p be a prime number. All over this paper, by a ring of characteristic p, we
will mean a ring containing a field of characteristic p. For our results we need
some preliminary considerations. Let A be a ring of characteristic p > 0.
Denote by A(p) the A-algebra A given by the Frobenius endomorphism of
A. For a ring morphism u : A −→ B we have the following commutative
diagram:
A
u
✲ B
A(p)
FA
❄
✲ A(p) ⊗A B
FA ⊗ 1B
❄ ωB/A
✲ B(p)
∗Work supported by the CNCSIS Grant GR 23/2008/812.
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where FA is the Frobenius morphism of A and
ωB/A(a⊗ b) = u(a) · b
p, ∀a ∈ A, b ∈ B.
Remark 1.1 We shall freely use the definitions and notations from [5] and
[6] with respect to smoothness, regular morphisms, p-basis etc.
Definition 1.2 Let u : A → B be a morphism of noetherian rings. A
system of elements {bi}i∈I from B is called a differential basis of B over A,
if the set {dB/A(bi)}i∈I is a basis of the module of differentials ΩB/A, where
dB/A is the universal derivation of B over A.
Remark 1.3 1) It is well-known that if B has a p-basis over A, this is also
a differential basis of B over A.
2) Obviously, if B has a differential basis over A, then ΩB/A is a free B-
module.
3) Even when A is a field, if ΩB/A is a free B-module, B does not have
necessarily a differential basis over A. Indeed, let A := F5, the prime field
with 5 elements. Then such a simple ring as B := F5[X,Y ]/(X
2 + Y 2 − 1),
doesn’t have a differential basis over A, while ΩB/A is a free B-module [12].
We need the following important result of Tyc¸ [12, Theorem 1].
Theorem 1.4 Let A be a noetherian ring and B a noetherian A-algebra
containing A. Then any differential basis of B over A is a p-basis of B over
A.
Proof: See [2, Prop. 58] for a complete proof.
2 A generalization of a result of Tyc¸
In [12], as a consequence of Theorem 1.4, A. Tyc¸ proved the following
smoothness criterion for a k-algebra, where k is a field of characteristic
p > 0.
Theorem 2.1 [12, Theorem 2] Let k be a field of characteristic p > 0 and
B a noetherian k-algebra. Suppose that:
a) B has a differential basis over k;
b) B ⊗k k
p−1 is reduced.
Then B is smooth over k.
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We give a generalization of Tyc¸’s result, dropping the assumption that k is
a field. Our proof is slightly different from Tyc¸’s proof.
Theorem 2.2 Let u : A −→ B be a morphism of noetherian rings of char-
acteristic p > 0. Suppose that:
a) B has a p-basis over A;
b) ωB/A is injective.
Then u is smooth.
Proof: From a) it follows that ΩB/A is a free B-module. Then it is enough to
show that u is regular. By [8, The´ore`me 4], we have to show that ωB/A is flat.
For this it is enough to find a p-basis of B over A(p) ⊗A B. Let {xi}i∈I be a
p-basis of B over A. Since ωB/A is injective we have that A[B
p] ∼= A(p)⊗AB
and clearly {xi}i∈I is also a p-basis of B over A
(p) ⊗A B.
Corollary 2.3 Let u : A −→ B be an injective morphism of noetherian
rings of characteristic p > 0. Suppose that:
a) B has a differential basis over A;
b) A(p) ⊗A B is a reduced ring.
Then u is smooth.
Proof: Since u is injective, by 1.4 it follows that any differential basis of
B over A is also a p-basis of B over A. On the other hand, from the
reducedness of A(p)⊗AB we get that the Frobenius morphism of A
(p)⊗AB,
F : A(p) ⊗A B → (A
(p) ⊗A B)
(p) is injective. But F = (FA ⊗A B)
(p)ωB/A,
where
A(p) ⊗A B
ωB/A
→ B(p) ∼= A⊗A B
(p) (FA⊗AB)
(p)
→ (A(p) ⊗A B)
(p),
and F (a⊗ b) = ap⊗ bp. It follows that ωB/A is injective. Now we apply 2.2.
As a consequence of 2.3 we obtain the original result of Tyc¸ (see 2.1).
3 Smoothness and reduced morphisms
In this section, mainly as consequences of the results in the previous section,
we obtain some smoothness results for reduced morphisms. Let us first
remind the definition of reduced morphisms.
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Definition 3.1 A morphism of noetherian rings u : A → B is called a
reduced morphism if u is flat and for every p ∈ Spec(A) and every field L,
finite extension of k(p), the ring B ⊗A L is a reduced ring.
Theorem 3.2 Let u : A −→ B be an injective morphism of noetherian
rings of characteristic p. Suppose that:
a) B has a differential basis over A;
b) u is a reduced morphism.
Then u is smooth.
Proof: From [3, Theorem 4] it follows that ωB/A is injective. Now we apply
2.2 and 1.4.
Corollary 3.3 Let A be a ring of characteristic p > 0, with geometrically
reduced formal fibers, I an ideal of A contained in the Jacobson radical and
B the completion of A in the I-adic topology. If B has a differential basis
over A, then B is smooth over A.
Corollary 3.4 Let A be a Nagata local ring of characteristic p > 0, I an
ideal of A and B the completion of A in the I-adic topology. Assume that
B has a differential basis over A. Then B is smooth over A.
In particular, suppose that Â, the completion of A in the topology of the
maximal ideal, has a differential basis over A. Then A is quasi-excellent.
Corollary 3.5 Let A be a ring of characteristic p > 0. Assume that there
exists m ≥ 1 such that A[[X1, ...,Xm]] has a differential basis over A. Then
A[[X1, ...,Xn]] is smooth over A, for any n ≥ 1. In particular, A has geo-
metrically regular formal fibers.
Proof: From [9, Corollary 2.3] we get that A→ A[[X1, ...,Xm]] is a reduced
morphism. The first assertion follows at once from Theorem 3.2 and [10,
Theorem 2.2]. For the second one we use [4, Theorem 3.3].
Remark 3.6 Situations when A[[X1, ...,Xn]] is smooth over A are investi-
gated in [10] and [11].
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Theorem 3.7 Let (A,m, k) be a noetherian local ring of characteristic p.
The following are equivalent:
a) A has geometrically reduced formal fibers and [k : kp] <∞;
b) A has geometrically regular formal fibers and [k : kp] <∞;
c) There exists m ≥ 1 such that A[[X]] = A[[X1, ...,Xm]] has a p-basis over
A;
d) There exists m ≥ 1 such that A[[X]] = A[[X1, ...,Xm]] has a differential
basis over A.
Proof: It is well-known that a) and b) are equivalent. Also it follows from
1.4 that c) and d) are equivalent.
Let us prove that b) ⇒ c). Let B := A[[X]] = A[[X1, . . . ,Xm]]. Since
[k : kp] < ∞ we have that A[Bp] = Ap[[Xp]][A] = A[[Xp]]. Hence clearly X
is a p−basis of A[[X]] over A.
In order to prove d)⇒ b) assume that A[[X1, ...,Xm]] has a differential basis
over A. From Corollary 3.5 we get that A[[X1, ...,Xm]] is smooth over A.
Now we apply [10, Theorem 2.2].
Remark 3.8 One can also prove b) ⇒ d) directly as follows. From b)
it follows that A is a finite Ap-algebra and by [10, Theorem 2.2] we get
that B := A[[X]] = A[[X1, . . . ,Xm]] is smooth over A. We consider the
X−adic topologies. Then ΩB/A is a projective B−module and consequently
separated. Hence ΩB/A ⊆ Ω̂B/A.On the other hand Ω̂B/A is a freeB-module,
having as basis dX ∈ ΩB/A, where d = dB/A is the universal derivation. It
follows that ΩB/A is a free B-module having dX as a basis.
Remark 3.9 In the situation of Theorem 3.7, if A[[X1, ...,Xm]] has a dif-
ferential basis (resp. p-basis) over A for some m ≥ 1, it is clear that
A[[X1, ...,Xn]] has a differential basis (resp. p-basis) over A for all n ≥ 1.
Finally we give an application of Theorem 3.2 for integrable derivations [7].
Corollary 3.10 Let u : A −→ B be an injective morphism of noetherian
rings of characteristic p > 0. Suppose that:
a) B has a differential basis over A;
b) u is a reduced morphism.
Then DerA(B) = IderA(B).
Proof: By Theorem 3.2 u is smooth. It follows that H1(A,B,E) = 0, for
every B-module E. Now we apply [7, Theorem 8].
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Example 3.11 Let k be a perfect field of characteristic 2 and let
A := (k[X,Y,Z]/(XY − Z2))(X,Y,Z) = k[x, y, z](x,y,z), xy = z
2.
Then A is reduced, even normal, hence geometrically reduced over k. It is
easy to see that ΩA/k is a free A-module with basis {xdx+ ydy, dz}, where
d = dA/k is the universal derivation. Since Derk(A) 6= Iderk(A) [7, Example
6], it follows that A doesn’t have a differential basis over k.
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